Fluctuations associated with stretched E2 transitions from high spin levels in nuclei around 168 Yb are investigated by a cranked shell model extended to include residual two-body interactions. It is found that the gamma-ray energies behave like random variables and the energy spectra show the Poisson fluctuation, in the cranked mean field model without the residual interaction. With two-body residual interaction included, discrete transition pattern with unmixed rotational bands is still valid up to around 600 keV above yrast, in good agreement with experiments. At higher excitation energy, a gradual onset of rotational damping emerges. At 1.8 MeV above yrast, complete damping is observed with GOE type fluctuations for both energy levels and transition strengths (Porter-Thomas fluctuations).
Introduction
Recently, improved detectors and analysis techniques have focused the attention on the off-yrast nuclear structure of deformed nuclei at high spin. For example, it is expected that the rotational band structure typical of the near-yrast regions is smeared out at an intrinsic excitation energy of order of E x > ∼ 1 MeV measured from the yrast in rare-earth nuclei 1 ). There are also arguments that this damping property of the rotational motion is related to onset of chaotic behavior in deformed nuclei 2, 3, 4 ).
Information of the nuclear structure of rotating nuclei is usually obtained from identifying the E2 transitions in rotational bands near yrast, while the gamma-rays emitted from levels at higher excitation energy form the so-called "quasi-continuum" spectra in which individual transitions are not distinguished because of the high level density and finite detector resolution. The fluctuation analysis technique, which has been developed recently 5 ), is useful for a study of the quasi-continuum spectra. From the analysis of fluctuations in the ridge region of 2-D E γ -E γ spectra, an effective number of the E2-decay paths associated with decay along rotational bands is extracted. The fluctuation analysis technique is based on the assumption that the gamma-ray energies of the rotational E2 transitions behave like random variables, as if they are like rain drops falling at arbitrary positions 5 ). This is the key assumption in making a connection between the fluctuation of counts in the quasi-continuum spectra and the number of rotational bands passed in the decay.
It should be emphasized that we actually do not know the underlying fluctuation behavior of the E2 transitions. Consider rotational bands in the near-yrast region which do not interact strongly with each other. One may expect that if some dynamical quantum numbers or symmetries persist, they imply regular patterns or correlations in the rotational transition energies. On the other hand, the rotational perturbation at high spin may be able to destroy such regularity by breaking the dynamical symmetries.
Hence the validity of assumption of random E2 transition energies, adopted by the fluctuation analysis, may depend on whether any dynamical symmetries in the rotating nuclei survive. In this paper we examine theoretically the fluctuations associated with the E2 transitions in rotating nuclei on the basis of a model for the high spin off-yrast levels. In particular we shall investigate whether randomness of the transition energies is realized for the non-interacting rotational bands, and whether the strengths in the damped E2 transitions exhibit Porter-Thomas fluctuations.
Extended cranked shell model
The model we use is an extension of the cranked shell model, in which we take into account not only the cranked single-particle Hamiltonian but also the two-body residual interactions which cause the rotational damping. As the single-particle fields we adopt the Nilsson potential and the cranking term −ωJ x , but neglect the static pairing gaps, since the levels emitting the quasi-continuum gamma-rays are in the high angular momentum region around 30h to 60h, where the pairing gap is expected to be negligible.
It is straightforward to introduce the independent-particle configurations using single-particle orbits in the cranked Nilsson field. Many-particle and many-hole (np-nh) excitations should be included to form a suitable basis for the off-yrast levels. The independent-particle configuration is hereafter denoted as |µ(ω) . As an ansatz, it is assumed that the np-nh configurations correspond to the rotational bands which would exists in the off-yrast region if there were no interactions between the rotational bands.
A residual two-body interaction H res is assumed between the rotational bands. Thus the Hamiltonian in this model is expressed:
as a function of the rotational frequency ω (using the conventionh = 1). Details of the residual interaction are discussed in sect.4.
The Hamiltonian H is diagonalized within a suitably truncated basis set of {|µ(ω) }.
The diagonalization is separately made among the basis states with the same parity π and signature α at fixed ω. The resultant levels are denoted by i, their energy by E i (ω) and their wave functions by |i(ω) . The routhians of the levels are defined by The rotational stretched E2 transitions are calculated as follows. As far as we consider well-deformed nuclei with stable shape, it may be assumed as a good approximation that intra-band transitions dominate if no interaction between the bands exists and the quadrupole moments are the same (constant Q 0 ) for all the bands. The E2 transition strength and the associated γ-ray energy can be calculated as
for a transition between levels i and j. Here |j(ω − 2/J ) is a solution of the extended cranked shell model at the rotational frequency ω−2/J , J denoting the average moment of inertia. In this way, i and j represent states at angular momentum I and I − 2, respectively. The factor g in Eq.(2) represents the geometrical factor which arises from the rotational D-function. Only the overlap matrix element j(ω − 2/J )|i(ω) 2 plays a role in the following analysis since we always normalize the E2 strengths.
The above framework is similar to the one employed by S.Åberg 3,4 ) in many respects. References 3,4 ), however, introduce an additional procedure to transform the energy of the np-nh basis |µ(ω) to the lab-frame energy as a function of the angular momentum I, and the diagonalization is made at a fixed I. We do not follow this procedure here because it is not expected to influence the statistical properties of the results, although individual levels may differ in both descriptions. The procedure in refs. 3,4 ) may be useful for direct comparison with experiments, especially when describing E γ − E γ spectra. The procedure described above is a more straightforward theoretical framework and simpler in practical numerical calculations.
With the residual interactions incorporated, the extended cranked shell model can describe both the rotational bands near the yrast line and the levels far off yrast, where strong bands mixing may occur. Nevertheless, we shall divide our analysis into two parts for convenience of discussion. We first neglect the residual interaction, as in the conventional cranked shell model. The intra-band E2 transitions in the near-yrast regions are then described by this approximation since it is expected that the rotational bands in this region do not mix with each other. We shall discuss the statistical properties for those intra-band rotational transitions in sect. 3. In sect. 4, we discuss the results of the extended cranked shell model where the residual interactions are incorporated, concentrating on the E2 transitions in the far-off-yrast region where the rotational damping is found. In sect. 5 a brief discussion of the transitional region between unmixed and mixed rotational bands is given.
Non-interacting rotational bands
In the cranked shell model without residual interaction, the rotational bands are simply described as independent-particle configurations assigned to the cranked singleparticle orbits (called np-nh bands hereafter) and only the intra-band stretched E2 transition is considered. The transition strength is almost constant, irrespective of the configurations of the bands, provided that the deformation is stable. On the other hand, the transition energy varies from band to band because of differences in the alignment.
Thus it is appropriate to focus our attention on the fluctuation property of the transition energies.
DISTRIBUTION OF γ-RAY ENERGIES
The gamma-ray energy of the the stretched intra-band E2 transitions of a np-nh band is expressed as
in terms of the expectation value J µ (ω) of J x for an independent-particle configuration µ at ω. In expressing the rotational frequency ω µ (I) which corresponds to spin value I, we make the approximation as
being the moment of inertia. Eq.(4) can also be derived from Eq.(3). It should be noticed that the stretched E2 transitions occur successively following the spin sequence
In order to investigate the properties of spectra containing all these sequential transitions we displace the E γ spectrum by ±4/J , ±8/J , etc, and fold all the displaced spectra. Here the energy unit 4/J of the displacement is assumed to be 0.06 MeV which is appropriate for well-deformed nuclei with A ∼ 170. The folded E γ spectra are equivalent to the spectra of J µ (ω) modulo 2, which we denote by ∆J µ . A typical channel width of the experimental spectra is about one tenth of the γ-ray energy unit 4/J . Correspondingly, we calculate the distribution of ∆J µ = J µ (ω) modulo 2 after sorting the ∆J µ 's into 10 channels. It is clearly seen in fig.2 that the fluctuation in the calculated spectra follows the random limit for rotational frequencies ω higher than 0.3 MeV. It is also seen that there is a systematic deviation from the limit for low rotational frequencies. We find that this deviation arises from the fact that time-reversal doublets in the cranked single-particle orbits are less dissolved for lower ω, because the rotational perturbation is weak. This causes a degeneracy in ∆J µ , which results in larger fluctuations. It should be noted, however, that the cranked shell model does not take into account effects which influence the spectra at low spin. For example, the intrinsic angular momentum components along the symmetry axis (K components) is expected to split the degenerate states which have different K values. The effect of the K component on the γ-ray energy is evaluated according to Eq.(A.5) given in the appendix. We estimate values of K for rotational bands by assigning them to those that are obtained at ω = 0. This gives a order-of-magnitude estimate of the K effect. The resulting second moments of the γ-ray energy spectra are shown in fig.2 as triangles. One can see that the inclusion of the K effect enhances the tendency toward the random limit. We conclude that the random limit is achieved for the high spin region ω > ∼ 0.3 MeV or E γ > ∼ 0.6 MeV.
It is neccesary to check the above conclusion because our sampling of the rotational bands in the above analysis may be somewhat artificial. We sample the lowest 200 npnh bands for each (π, α) while the number of the unmixed rotational bands is order of a few tens according to the experimental fluctuation analysis 5 ). We therefore perform a physically more relevant analysis by sampling only the bands near yrast. From np-nh bands with all combinations of (π, α), the lowest 20 bands are picked up. Associated ∆J µ 's are sorted into the channels in the same manner as in fig.1 . To obtain a set of the second moments µ 2 of spectra, we perform the same calculation for 10 eveneven nuclei around 168 Yb, namely, 162−166 Er, 164−170 Yb, and 168−172 Hf. From the set of µ 2 's, we calculate the mean value and the standard deviation σ(µ 2 ) as a function of ω. The result is shown in fig.3 , also with the K effect taken into account. From the comparison with the average µ 2 and σ(µ 2 ) of the random Poisson distribution, the following picture emerges: The intra-band γ-ray energies of the rotational bands in the independent-particle cranked shell model appear to be randomly distributed, at least at high spin. The two-body residual interaction consists of the monopole and quadrupole pairing interaction and the quadrupole-quadrupole interaction, which represent large components of the two-body matrix elements. We also introduce additional components of the two-body matrix elements, which may arise from the other multipolarities. By assuming the additional components are structureless, we give them simply in terms of random numbers following the Gaussian distribution around zero mean value. The strength of the residual interaction is fixed as follows. For the monopole pairing interaction we adopt a standard value G 0 = 20/A MeV. We fix the quadrupole pairing strength by G 2 /G 0 = 35/3R 4 which is derived from the multipole expansion of the delta-force 9 ). The quadrupole-quadrupole interaction strength is given by the selfconsistent values 10 ) for both iso-scalar and iso-vector components with the polarization effect (χ nn = χ pp = 0.7χ self , χ np = 3.3χ self where the χ self is the selfconsistent value).
In the numerical calculation, we used the stretched quadrupole operator (instead of the ordinary ones) for practical reasons.
The strength of the random two-body matrix elements is fixed as in ref. −1/2 E 3/2 MeV of independent-particle configuration is extracted from the systematics of the single-particle spreading width, and related to the random two-body interaction through the Fermi golden rule Γ ↓ µ = 2πρ 2−body v 2 . The density ρ 2−body of levels interacting through the two-body interactions is calculated explicitly in the cranking model without the interactions and it is parametrized as ρ 2−body ≃ 22E 3/2 MeV −1 . The root-mean-square value v of the random two-body matrix elements is thus fixed to v = 16 keV.
It can be argued that there is an uncertainty in the residual interaction strength.
However this uncertainty is not crucial in the following analysis as long as we do not aim at very accurate numbers in the excitation energy. As is discussed in ref. 3 ), the two-body interaction strength scales proportionally to the spacing between interacting configurations, i.e. d 2−body = 1/ρ 2−body ∝ E −3/2 . If the scaling is a good approxima-tion, a factor 2, for example, in the interaction strength results in a scaling of 2 2/3 ∼ 1.6 in the excitation energy. This should, however, only be taken as a guideline since we are investigating properties concerning the full set of states.
CHOICE OF BASIS
In diagonalizing the Hamiltonian matrix the basis of np-nh configurations is truncated in the following way. First, we construct all the np-nh configurations that lie below E x = 3.0 MeV above the lowest energy configuration. Next the diagonal energies due to the residual interaction are calculated for these configurations. The basis of the diagonalization consists of the lowest configurations including the diagonal interaction up to a certain number, eg, 600, 1000, or 1400, for each (π, α). The levels at ω − 2/J are calculated using the same basis as defined at ω. It is appropriate to single out the relative fluctuation by normalizing the E2 strengths with respect to the smooth profile. For a transition from i to j, the normalized strength is defined by
where S ij represents the strength in the absence of fluctuations. By definition, the normalized strength should have unit mean. The smoothed strength S ij should be a function of the γ-ray energy E ij and the excitation energy of the levels. One can evaluate it by
where S(E) is the smooth profile of the rotational strength distribution function. The smooth strength function S(E) is extracted by taking a Strutinsky-type smoothing of the microscopically calculated strength distribution
where the average over initial levels yields a reliable smoothing. In the Strutinsky smoothing, a Gaussian width of 50 keV is used. The level density ρ(e) is determined by a fitting to the constant temperature formula 12 ) ρ(e) = T −1 e (e−E0)/T . After the sampling we calculate distribution of the normalized strength s ij . The result is shown in fig. 7 , together with a Porter-Thomas distribution
for comparison. It is clear from fig.7 that that the distribution of the normalized strengths approaches that of Porter-Thomas for increasing excitation energy and almost reaches it in the region E x > ∼ 1.8 MeV. Deviation from the Porter-Thomas is seen in the lowest bin which corresponds to E x = 0.0 − 1.4 MeV (also slightly in the next bin). 
where f i represents the probability for flow passing through the level i, and w ij the probability for the rotational transition to pass from level i to level j (with normalization j w ij = 1). The quantity n branch (i) is a measure of the number of transitions which branch out of level i (or simply the branching number). With the microscopic model the branching numbers are determined by the transition probability as given by
where the energy dependent factor ∝ E 5 γ is neglected. On the other hand, the average branching number expected for a group of levels whose E2 strength displays PorterThomas fluctuations can be estimated analytically by using a suitable profile of the rotational strength function. In fact, the Gaussian form with FWHM of the rotational damping width Γ rot is adopted. The average branching number in the Porter-Thomas limit is then given by fig. 10 . The mean value of ∆ 3 is calculated as a function of the interval length L (the unit is the average spacing). As in the preceding section, we subdivided the levels into bins of 50 levels.
Fig.10 Figure 10 shows that the ∆ 3 statistics approaches the GOE limit with increasing excitation energy and that the limit is reached for the levels above #150 at E x ∼ 1.8
MeV. It is remarkable, compared to the results shown in fig.7 , that the tendency toward the GOE limit is completely consistent with that of the strength fluctuation. Thus it can be concluded, from both the strength fluctuations and the energy level fluctuations, that the mixing of the rotational bands is as complex and random in the energy region E x > ∼ 1.8 MeV as described by the GOE random matrix theory. Concerning the energy level fluctuations, the results are consistent with the work by S.Åberg 3,4 ).
We would like to emphasize the important implication of the above result for the rotational transitions in the damping region. A spectrum which shows GOE fluctuations is known to be "rigid" with very small fluctuations. As a consequence, the fluctuations in transition energy play a relatively unimportant role in the damping region, while the strength fluctuation becomes the dominant origin of the spectral fluctuations 13 ).
Onset of damping
As discussed in connection with fig.5 , the model predicts both the damped transitions and the discrete rotational transitions which characterize unmixed rotational bands near yrast. Thus it allows us to investigate the onset of the rotational damping and also to analyze fluctuation properties of the discrete rotational transitions, which was discussed in the preceding section without including the residual interaction. Figure 11 illustrates the behavior of rotational transitions in the energy region where the damping is about to set in. The branching numbers calculated for individual levels are also shown in the figure. A quantitative criterion for defining levels associated with unmixed rotational bands may be given by a condition that the branching number of a level is less than 2. Accordingly the onset of the damping will be marked by n branch > 2.
UNMIXED ROTATIONAL BANDS
If this criterion is assumed we count 22 unmixed rotational bands in 168 Yb, and 30.9 bands on average for the 10 rare-earth nuclei around spin 42h. Considering that the pure rotational bands carry essentially 100 % strength of the intra-band transition, one may also define unmixed rotational-band levels as those whose strongest transition has a large fraction of the total strength, e.g. Since the residual interaction effect was not included in the preceding analysis using the independent-particle cranked shell model in sect. 
TRANSITION STRENGTH FLUCTUATIONS
The energy for the onset of the rotational damping may be defined although the damping sets in rather gradually with increasing excitation energy as seen in fig. 11 . In the model we adopted, the boundary energy for the onset of rotational damping is about 600 keV, and the boundary for sharing full Porter-Thomas strength fluctuation is around 1.8 MeV. These numbers, however, should be considered with reservation since they may depend on the residual interaction as well as its strength. It is therefore important to extract these energies in more detailed experiments.
On the theoretical side, it seems interesting to study how the situation changes when more realistic residual interactions are used. Another interesting aspect of band mixing concerns the correlations in the wave functions, which extend over several steps in angular momentum. These correlations are relevant for a more precise comparison to two and higher fold experimental spectra. Such investigations are in progress. rotational-band levels, defined by n branch < 2, near the yrast at ω = 0.5 MeV (the upper half). The result for the independent-particle cranked shell model without the residual interaction at the same ω is shown in the lower half. The spacings are sampled from the ten nuclei around 168 Yb and are normalized to give < S >= 1.
